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A Note on Minimality of Positive Realizations

Luca Benvenuti and Lorenzo Farina
Abstract-A well-known result from linear system theory states that the minimal inner size of a factorization of the Hankel matrix H of a system gives the minimal order of a realization. In this brief it is shown that when dealing with positive linear systems, the existence of a factorization of the Hankel matrix into two nonnegative matrices is only a necessary condition for the existence of a positive realization of order equal to the inner size of the factorization. Necessary and sufficient conditions for the minimality of a positive realization in terms of positive factorization of the Hankel matrix are then derived.
Index Terms-Factorization, positive systems, realization.
I. INTRODUCTION
The positive realization problem [4] , [7] is the following: Given a rational transfer function is also known as a positive system [6] , [9] . Recently, Anderson et al. [1] gave an essentially complete solution of the existence of such a realization (a complete solution is given in [3] ). As pointed out in [1] , an important open question is minimality, i.e., finding a positive realization of minimal order N . It is noteworthy that it can be easily shown [8] that N does not generally coincide with the McMillan degree n.
A well-known result from system theory states that the minimal inner size of a factorization of the Hankel matrix H gives the minimal order of a realization. Since, obviously, the impulse response of a positive system is nonnegative, i.e., g k 0, then H has nonnegative entries. Moreover, given a minimal positive realization (A; b; c) of order N , the following hold: Matrix H ij can be factorized as 
II. THE FACTORIZATION APPROACH
We now derive necessary and sufficient conditions for the minimality of a positive realization in terms of positive factorization of the Hankel matrix. A sufficient condition has been given in [5] . Consider the minimal realization fA M ; b M ; c T M g of G(z), where AM is that of (2), b T M = (g1 g2 111 gn), and c T M = (1 0 111 0). In [7] it is shown that a positive realization of G(z) can be obtained from any minimal realization, for example, from fAM; bM ; c T M g, if and only if a polyhedral proper cone K such that:
It is clear, however, that the number of edges of K determines the dimension of the positive realization, so that, minimality requires the number of edges to be minimal.
(Sufficiency) Consider then the coneK = conefP g, i.e., the cone generated by the columns of P . Condition 2 implies that each column of P is transformed by A M in a vector which is a nonnegative linear combinations of the columns of P , i.e., condition a). Condition 1 can be rewritten as 
III. CONCLUSION
In this brief we have shown, by means of an example, that the existence of a factorization of the Hankel matrix of a positive linear system into two nonnegative matrices is only a necessary condition for the existence of a positive realization of order equal to the inner size of the factorization. From a geometrical interpretation of the positive realization problem due to Maeda and Kodama [7] , we have derived necessary and sufficient conditions for the minimality of a positive realization in terms of positive factorization of the Hankel matrix.
